LOCALIZATION VIA FRACTIONAL MOMENTS FOR MODELS ON Z WITH 
SINGLE-SITE POTENTIALS OF FINITE SUPPORT 



ALEXANDER ELGART, MARTIN TAUTENHAHN, AND IVAN VESELIC 

Abstract. One of the fundamental results in the theory of localization for discrete Schrodinger 
operators with random potentials is the exponential decay of Green's function and the absence of 
continuous spectrum. In this paper we provide a new variant of these results for one-dimensional 
alloy-type potentials with finitely supported sign-changing single-site potentials using the fractional 
moment method. 



1. Introduction 

Anderson models on the lattice are discrete Schrodinger operators with random potentials. Such 
models have been studied since a long time in computational and theoretical physics, as well as 
in mathematics. One of the fundamental results for these models is the physical phenomenon 
of localization. There are various manifestations of localization: exponential decay of Green's 
function, absence of diffusion, spectral localization (meaning almost sure absence of continuous 
spectrum), exponential decay of generalized eigensolutions, or non-spreading of wave packets. 
Such properties have been established exclusively (apart from one-dimensional situations) by two 
different methods, the multiscale analysis and the fractional moment method. The multiscale 
analysis (MSA) was invented by Frohlich and Spencer in IIFS83I . while the fractional moment 
method (FMM) was introduced by Aizenman and Molchanov IIAM93i . 

In this paper we focus our attention on correlated Anderson models. More precisely, we develop 
the FMM for a one-dimensional discrete Schrodinger operator with random potential of alloy- 
type. In this model, the potential at the lattice site x e Z is defined by a finite linear combination 
yoj{^) = Yjk oJkuix - k) of independent identically distributed (i. i. d.) random coupling constants 
oju having a bounded density. The function u{- - k) is called single-site potential and may be 
interpreted as a finite interaction range potential associated to the lattice site k eZ,. Consequently, 
for the model under consideration the potential values at different sites are not independent random 
variables. Let us stress that we have no sign assumption on the single-site potential, thus the 
correlations may be negative. 

For such models we prove in one space dimension and at all energies a so-called fractional 
moment bound, i. e. exponential off-diagonal decay of an averaged fractional power of Green's 
function. The restriction to the one-dimensional case allows an elegant and short proof in which 
the basic steps — decoupling and averaging — are particularly transparent. Currently we are work- 
ing on the extension of our result to the multi-dimensional case. 

A second result concerns a criterion of exponential localization, i. e. the fact that in a certain 
interval there is no continuous spectrum and all eigenfunctions decay exponentially almost surely. 
It applies to t/- dimensional discrete random Schrodinger operators with alloy-type potentials. Our 
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proof uses an idea developed first in the context of MSA, but actually establishes exponential lo- 
calization directly from fractional moment bounds on the Green's function, without going through 
the induction step of the MSA. 

Let us discuss which localization results established previously apply to the case of correlated 
potentials. The papers ||vDK91 fl and |I AM93[ lASFHOl l derive localization for Anderson models 
with correlated potentials, using the MSA or the FMM, respectively. However, all of them require 
quite stringent conditions on the conditional distribution of the potential value at a site conditioned 
on the remaining sites. These are typically not satisfied for the discrete alloy-type potential when- 
ever the coupling constants are bounded random variables, cf. IITV09I . Thus, our results are not 
covered by those in llvDK9 11 IAM931 1 ASFHO ll . 

For continuous alloy-type models spectral localization can be derived via MSA, as soon as one 
has verified a Wegner-type bound and an initial scale estimate. There are certain energy/disorder 
regimes where this has been achieved for sign-changing single-site potentials. All of them require 
that the random variables have a bounded density. For weak disorder IIKlo02ll establishes localiza- 
tion near non-degenerate simple band edges. For the bottom of the spectrum localization holds as 
well. In the case that the bottom of the spectrum is -oo this has been proven in [Klo95 |, while 
for lower bounded operators it follows from a combination of l|Klo951 IHK02II and [KN09]. See 
also IIVes02[ IKV06I for related results, which however apply only to single-site potentials of a 
generalized step-function form. It should be emphasized that all these proof use monotonicity at 
some stage of the argument which is not the case for our proof of exponential decay of fractional 
moments. This is discussed in more detail below. In IIBS01[[Sto02l localization is established for 
alloy-type models on K. with sign-changing single-site potentials using genuinly one-dimensional 
techniques. 

Thus these results are related to ours. However, to our knowledge, fractional moment bounds 
have not been established for alloy-type models with sign-changing single-site potential so far 
(neither in the continuous nor the discrete setting). Let us stress that even for models where the 
MSA is well established, the implementation of the FMM gives new insights and slightly stronger 
results. For instance, the paper llAEN+0611 concerns models for which the MSA was developed 
much earlier. 

We would like to bring one particular feature of our proof of exponential decay of fractional 
moments to the attention of the reader. Contrary to standard proofs of localization either via multi- 
scale analysis or via the fractional moment method this proof nowhere uses a monotonous spectral 
averaging, a monotonous Wegner estimate, or any other kind of monotonicity argument. The 
key tool which allows us to disregard monotonicity issues is an averaging result for determinants, 
formulated in Lemma [3TT] 

Let us elaborate on the role played by monotonicity in previous arguments in some more detail. 
The first approach to localization for alloy-type models which does not use monotonicity is the one 
pursued in |Sto02, BSOl]. However, this method does not yield such a strong bound on the Green's 
function as Theorem 12.11 below. Furthermore, the method IIBSOli ISto02ll is based on the Priifer 
coordinate, a quantity which is only defined for one-dimensional models. The fractional moment 
method is a tool suited for models in arbitrary dimension, albeit so far we have implemented in 
only in one dimension for our model. 

A result related to bounds on the fractional moments of the Green's function is a Wegner esti- 
mate. Such estimates have been developed for alloy-type models with sign-changing single-site 
potentials. There are two methods at disposal to derive a Wegner bound in this situation, one 
developed in IIKlo95[ IHK02I IKlo02ll and the other in IIVes02l IKV061 IWsl . Now both of them 
use monotonicity at some stage of the argument. Let us first discuss aspects of the method in 
IIKlo951 IHK02[ IKlo021 . restricting ourselves for simplicity to the energy region near the bottom 



LOCALIZATION FOR MODELS ON Z WITH SINGLE-SITE POTENTIALS OF FINITE SUPPORT 



3 



of the spectrum. (fH K02[ [Klo0 21 have also resuhs about internal spectral edges in the weak dis- 
order regime.) There it is shown that negative eigenvalues of certain auxiliary operators have 
a negative derivative with respect to an appropriately chosen vector field. Thus a monotonicity 
property is established for appropriately chosen spectral subspaces. On the other hand, the idea 
of IIVes02[ IKV06II consist in finding a linear combination of single-site potentials which is non- 
negative and averaging w. r. t. the associated transformed coupling constants. This is obviously 
again a monotonicity argument. 

Very recently Bourgain ||Bou09ll has developed a method to establish Wegner estimates for An- 
derson models with matrix-valued potentials. These models, like ours, lack monotonicity. To 
overcome this difficulty Bourgain uses analyticity and subharmonicity properties of the relevant 
matrix-functions. A key ingredient is (a multidimensional version of) Cartan's Theorem. If one 
likes, one can interpret our Lemma [XT] as a very specific and explicite version of Cartan's Theo- 
rem. 

Using methods from dynamical systems Sadel and Schulz-Baldes prove in IISSB08II positivity 
of Lyapunov exponents and at most logarithmic growth of quantum dynamics for one-dimensional 
random potentials with correlations. However due to the assumptions on the underlying probabil- 
ity space it seems that our model can not be reduced to the ones in IISSB08L Avila and Damanik 
have related results as announced and sketched in IIDam071 lDam09ll . 

2. Model and results 

We consider a one-dimensional Anderson model. This is the random discrete Schrodinger 
operator 

(1) ■- -A + V^, coe n, 

acting on ^^(Z), the space of all square-summable sequences indexed by Z with an inner product 
<•, •>. Here, A : f- (Z) €^ (Z) denotes the discrete Laplace operator and V^j : f (Z) f (Z) is a 
random multiplication operator. They are defined by 

{^^|;){x)■-Y^^|J{x + e) and W := ^^<.W«AW 

kl=i 

and represent the kinetic energy and the random potential energy, respectively. We assume that 
the probability space has a product structure O := Xjtezl. and is equipped with the probability 
measure dP(a>) := YikezPi^kJ'^^k where p e U°(K) n L^(R) with WpWn - 1. Hence, each element 
a» of fl may be represented as a collection {a>k}kez of i. i. d. random variables, each distributed with 
the density p. The symbol E{-) denotes the expectation with respect to the probability measure, i. e. 
E{-) :- J^(-)dP(fa;). For a set F c Z, Er{-) denotes the expectation with respect to oj^, k eT. That 

is, Er{-) := Jq^(-) Oisr p{'J^k)<ioJk where Q.r '■- XkeT R- Let the single-site potential m : Z ^ 1. be 
a function with finite and non-empty support := supp u = {k € Z : u(k) + 0). We assume that 
the random potential has an alloy-type structure, i. e. 

y^iix) — ^a)ku{x-k) 

keZ 

at a lattice site a; € Z is a linear combination of the i. i. d. random variables a>k, k e Z, with 
coefficients provided by the single-site potential. For this reason we call the Hamiltonian ([l) 
sometimes a discrete alloy-type model. The function u{- - k) may be interpreted as a finite range 
potential associated to the lattice site k e Z. The Hamiltonian ([T) is possibly unbounded, but 
self-adjoint on a dense subspace of fi{Z), see e. g. IIKir07ll . Finally, for the operator in ([1) and 
z € C \ o-{Hcj) we define the corresponding resolvent by Ga){z) '■= {Hc^ - z)~^ ■ For the Green's 
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Junction, which assigns to each {x,y) e Z x Z the corresponding matrix element of the resolvent, 
we use the notation 

(2) GM;x,y) --{d^iH^-zy'd,). 

For T cz Z, 6ic € £^{r) denotes the Dirac function given by Stik) = 1 for ^ e F and 6kij) = for 
7 € F \ {k}. The quantities ||p||~^ and (in the case that p is weakly differentiable) Wp'W^l may be 
understood as a measure of the disorder present in the model (a small value of norms corresponds 
to the strong disorder). Our results in the case of strong disorder are the following three theorems. 

Theorem 2.1. Let n € N, = {0, . . . , n - 1}, € (0, 1), and \\p\\oo be sufficiently small. Then there 
exist constants C,m e (0, oo) such that for all x,y eZ with |x - 3^1 > n and all z. € C\R, 

(3) E||G,(z;x,j)|-^/"|<Ce-'"l^->'l. 

Theorem 2.2. Let « € N, c Z finite with min0 = and max0 - n - \, r as in Eq. (|2TI ) (the 
width of the largest gap in &), and s € (0, n/{n + r)). Assume 

1(a) p € IV''^(R) with Wp'Wn sufficiently small 
or 
(b) supp p compact with \\p\\co sufficiently small 

Then there exist constants C,m e (0, oo) such that the bound ^ holds true for all x,y e Z with 
\x-y\> 2(n + r) and allzeC\R. 

Theorem 2.3. Let (a) or (b) of Theorem \2.2\ be satisfied. Then H^^ has almost surely only pure 
point spectrum with exponentially decaying eigenfunctions. 

The difference between Theorem 12. H and Theorem 12.21 is the following: In Theorem 12. II we 
assume that is finite and connected (cf. Section 3). The latter condition can be dropped if p is 
sufficiently regular, cf. Theorem l2.2[ A quantitative version of Theorem l2. H is proven in Section[3] 
andlH compare also Theorem 14.31 A quantitative version of Theorem 12.21 is stated and proven in 
Appendix [A] 

We can actually apply Theorems 12. II and 12.21 to arbitrary with max0 - min0 = n - I. In 
this situation a translation of the indices of the random variables {cok}kez by min0 transforms the 
model to the case min0 = and max0 = n - I. Note that min0 and max0 are well defined 
since c R is finite. 

Remark 2.4. (i) Our proof gives estimates about fractional moments of certain matrix elements 
of the resolvent for somewhat more general models. Let us formulate this class of random 
potentials next. Assume that V^j := v2'' + vj^-' where V^'' : Z ^ R are potentials indexed 
by the random parameter to in some probability space O. Assume that m : Z ^ R has support 
equal to {0, 1), and that there exists a sequence Ak'. O ^ R of i. i. d. random variables 
indexed by k € nZ, each being distributed according to a density p € L°°(R). Assume that 
yl^\x) = TjkenZ ^k((^)u(x - k) and that V^^^ is uniformly bounded on Q x Z, but otherwise 
arbitrary. \f F . Q. ^ [0, oo) is a random variable we denote its average over all random 
variables Ak, k e nZ, by E*^^^(F) :- j F(aj) YlkenzPi^k)'i(jJk, where the domain of integration 
is XkenZ K-- It follows directly from the iterative application of Lemma 1331 that for all € N 
and for the constant Ci,_p defined in ([TT]) we have 

(4) E^'\\GM;0,np-l)\''"}<CP^p. 

A decomposition of the type Vcj := V^^ + V^-* is implicitly used in the proof of Theorem 
12.21 given in Appendix |Al Note, that in this particular situation the two stochastic processes 
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^ij^^oj ^6 t^ot independent from each other. If =0 then the full potential Vat equals 
TjkenZ ^k{(^)u{x - k). Hence, in this case the bound @ also holds true. 

(ii) The statements of Theorems 12.11 and 12.21 concern only off-diagonal elements. If we assume 
that p has compact support, B,[\G(^{E+iO; x, y)Y ) is finite for any x,y eT, and s > sufficiently 
small. This is proven in Appendix iBl 

(iii) Thus in this situation we have full control over fractional moments, which for the usual 
Anderson model with i. i. d. potential values suffices to prove spectral and dynamical local- 
ization. However, for our model neither dynamical nor spectral localization can be directly 
inferred using the existent methods in IISW86[ IAiz94[ IGra94[ lAEN'^061 . see Appendix O 
The reason is that the random variables V,{x), x e Z, are not independent, while the depen- 
dence of on the i. i. d. variables co^, x eZ,is not monotone. 

(iv) In Appendix O we provide a new criterion for spectral localization without applying the 
multiscale analysis. It deduces from fractional moment bounds and the fact that the set of 
generalized eigenvalues has full spectral measure almost sure exponential decay of eigen- 
functions. This criterion is formulated for the multi-dimensional discrete alloy type model. 
In fact it can be extended to more general random potentials, as long as the correlation length 
is finite. 

(v) In this context it is natural to ask whether it is possible to extract a positive part from the 
random potential in such a way, that the original methods for deriving fractional moment 
bounds apply. It turns out that this is not possible in general (even in one space dimension), 
but that the corresponding class of single-site potentials can be characterized in the following 
way: 

If the polynomial Pu{x) :- T^'lZo "('^) ^ ^'^^^ ^'^^ vanish on [0, oo) it is possible to extract 
from a positive single-site potential with certain additional properties. In this situation 
the method of ||AEN"'"06I applies and gives exponential decay of the fractional moments of 
the Green's function. This is worked out in detail in Appendix iDl 



3. Fractional moment bounds for Green's function 

In this section we present fractional moment bounds for Green's function. A very useful obser- 
vation is that "important" matrix elements of the resolvent are given by the inverse of a determinant. 
The latter can be controlled using the following spectral averaging lemma for determinants. 

Lemma 3.1. Let « e N and A,V e C"^" be two matrices and assume that V is invertible. Let 
further < p € L^(R) n L°^(W) and s € (0, 1). Then we have for all A > the bound 

(5) r |det(A + rVT'l" p(r)dr < |det VV'" ||p||[7^ llpiL ^ 

(6) < Idet Vrl'^ {A-'\\p\y + IIpIU). 

^ I - s ' 

Proof. Since W is invertible, the function r i-^ det(A 4- rV) is a polynomial of order n and thus the 
set {r e R: A -I- rV is singular) is a discrete subset of R with Lebesgue measure zero. We denote 
the roots of the polynomial by zi, . . . , z„ € C. By multilinearity of the determinant we have 



n n 

|det(A + rW)\ = |det V| - Zj\ > |det V| ]~[|r - Rezjl 
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The Holder inequality implies for 5 € (0, 1) that 

|det(A + rV)\~''" p(r)dr < |det V\-''" j~[ |j |r - Re z^p V(r)drj , 
For arbitrary A> and all z e E. we have 

\r-z\>A \r-z\<A 



< A-'\\p\y + llplle 



1 - S 

which gives Ineq. We now choose A - ^llpllti /(2||p||oo) (which minimises the right hand side 
of Ineq. Q) and obtain Ineq. Q. ■ 

In order to use the estimate of Lemma ITT] for our infinite-dimensional operator G^(z), we will 
use a special case of the Schur complement formula (also known as Feshbach formula or Grushin 
problem), see e. g. IIBHS07[ appendix]. Before providing such a formula, we will introduce some 
more notation. Let Fi c F2 c Z. We define the operator Pf^ : {^(Tj) ^^(Fi) by 

ker, 

Note that the adjoint (Pj^p* : ^^(ri) ^ f{T2) is given by (Pj^^V ^ Z/teEi (f>{k)Sk. If F2 - Z we 
will drop the upper index and write Ppi instead of P^^ . For an arbitraiy set F c Z we define the 
restricted operators Ap, Vr, : ^^(r) ^^(F) by 

Ar-PrAP*, Vr := PrVo^Pl and Hr := PrH^Pl = -Ar + Vr- 

Furthermore, we define Gr(z) := {Hr - z)'^ and Gr(z; x,y) := {6_^, Gr{z)6y} for z € C \ cr(//r) and 
x,y e T. For an operator T : {^(T) ^^(F) the symbol [T] denotes the matrix representation of 
T with respect to the basis {6k]ker- By dT we denote the interior vertex boundary of the set F, i. e. 
dT := {k eT : #{j e T : \j - k\ = 1} < 2). For finite sets F c Z, |F| denotes the number of elements 
of F. A set F c Z is called connected if dT c |inf F, sup F). In particular, Z is a connected set. 

Lemma 3.2. Let F c Z and A c F be finite and connected. Then we have the identity 

Griz; x,y) = {6„ {Ha - - zT'Sy) 

for a// z £ C \ cr{Hr) and all x,y e A, where B^ : £^{A) — > £^{A) is specified in Eq. (|7]). Moreover, 
the operator B^ is diagonal and does not depend on Vcjik), k € A. 

An analogous statement for arbitrary dimension was established in pEGfl. 

Proof. Since A is finite. Ha is bounded and the Schur complement formula gives 

PA(Hr - zr'iPlT = [{Ha - z) - PWiP\-\AT (^r\A - zV' P[:^^Ar(P^)*]~\ 



It is straightforward to calculate that the matrix elements of B^ are given by 

(Sk,{Hr\A- zT^6k) if X = 3; and X e 5A, 

(7) {6.,B^6y) 



ker\\: 



else. 
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Here we have used that A is connected. ■ 

Lemma 3.3. Let n e N, = |0, . . . , « - 1}, 5 e (0, 1), and Y czZbe connected. Then, 

(i) for every pair x,x + n — \ eT and all z & C\M,we have 

(8) EwllGrCz; x,x + n- 1)^"] < CuCp =: C„,p. 

(ii) if\< |r| < n, we have for all z & C\W the bound 

(9) E,^„,||Gr(z;ro,ri)|-^'^"l < c:c; =: C^^ 

where yo = min Y and y\ = max F. 

(iii) ifT = {x, X + I, ...} and y & T with 0<y-x<n-\,we have for a// z € C \ R the bound 

(10) ^y-nM\GT{z;x,ytl''] < Cu,^C; =: C„,p,+. 
The constants Cu, Cp, C^, and Cu,+ are given in Eq. (II II ). (1121 ) and (1131 ). 

Proof. We start with the first statement of the lemma. By assumption x,x + n - \ e F. We apply 
Lemma 1X2] with A :- {x,x+\, . . . ,x + n-\] c F (since F is connected) and obtain for all x,y e K 

Gr(z; x,y) = {5„ {H^ - - zy'Sy), 

where the operator is given by Eq. (|7]). Set D = H\ - B^ - z. By Cramer's rule we have 
Gr(z;x,y) = detCv,;c/det[D]. Here, dj = (-l)'"^^M,j- and Mij is obtained from the tridiago- 
nal matrix [D] by deleting row / and column / Thus Cx+n-\,x is a lower triangular matiix with 
determinant ±1. Hence, 

\Griz;x,x + M - 1)1 



|det[D]| 

Since = suppM = {0, . . .,n - 1), every potential value V(^{k), k e A, depends on the random 
variable co^, while the operator B^ is independent of oj^. Thus we may write [D] as a sum of two 
matrices 

[D] = A + cj_,V, 

where V e R"^" is diagonal with the elements u{k - x), k = x, . . . , x + n - I, and A := [D] - tOxV. 
Since A is independent of co^ we may apply Lemma |3TT] and obtain for all 5 € (0, 1) the estimate 
(© with 

(11) C„=11m(^) and Cp = \\p\\i,-—. 

The proof of Ineq. ^ is similar but does not require Lemma 13.21 We have the decomposition 
[Hr - z] = A + ojygV, where d := yi - yo, V e ^(d+Wd+i) diagonal with elements u{k - yo), 
k = yo, . . . ,yi, and A := [Hy - z] - cOj^V is independent of coy^. By Cramer's rule and Lemma [XT] 
we obtain 

^yo){\Gr{z;yo,7i)\"^'^'^] < \Y[u{k) \\p\t- 

k=Q 



t 

for all f e (0, 1). We choose t = s^ and obtain Ineq. ^ with the constants 



(12) C: ^miix\Y]u{k)~''" and - max|||p||^, ||p||^"|^. 

k=Q 

In the final step we have used s > t and the monotonicity of (0, 1) 9 x i-^ 2-^x~^/(l - x). For the 
proof of the third statement we apply Lemma 1X2] with A = [x, . . . ,y} and obtain using Cramer's 
rule \Griz',x,y)\ = \l/det[H\ - B^ - z]\. Setd := y - x. Notice that is independent of a»j,-,j+i, 
while every potential value Vaiik), k € A, depends on a>y_„+i. Thus we have the decomposition 
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[Ha - - z] = A + cOy-n+iV, where V € rC^'+Dx^+D is diagonal with the elements u{k), k = 
n - \ - d, . . . ,n - \, and A := [H^ - - z]- C0y~n+i V- Since A is independent of ojy-n+i we may 
apply Lemma inl and obtain for all f e (0, 1) 



n-l 



k=n-l-d 



\-t 



-sjn 



We choose t - and obtain Ineq (fTOl) with 

n-\ 

(13) C„+:=max m(/:) 

In the final step we have used s >t and the monotonicity of (0, 1) 9 x i-^ 2^x~^ l{\ - x). 



4. Exponential decay of Green's function 

In this section we use so-called "depleted" Hamiltonians to formulate a geometric resolvent 
formula. Such Hamiltonians are obtained by setting to zero the "hopping terms" of the Laplacian 
along a collection of bonds. More precisely, let A c F c Z be arbitrary sets. We define the 
depleted Laplace operator Ap : €^(Y) ^^(F) by 

ifx€A, 3;€F\AorjeA, xeF\A, 

((S.v.Ar^y) else. 

In other words, the hopping terms which connect A with F \ A or vice versa are deleted. The 

A 

r 



depleted Hamiltonian : ^^(r) f{T) is then defined by 



Let further :- Ar - A^ be the difference between the the "full" Laplace operator and the 
depleted Laplace operator. Analogously to Eq. Q we use the notation G^{z) '■= (H^ - z)~^ and 



Gp(z; x,y) := {6x, G^{z)Sy). The second resolvent identity yields for arbitrary sets A c F c 



(14) Griz) = G^iz) + Gy{z)T^G^{z) 

(15) = G^iz) + G^{z)T^Gy{z). 

In the following we will use that G^{z:,x,y) = GAiz',x,y) for all x,y e A, since is block- 
diagonal, and that Gp (z; x,y) = if x e A and 3^ ^ A or vice versa. 

Lemma 4.1. Let « e N, @ - {0,...,n- 1), F cZbe connected, and s e (0, 1). Then we have for 
all x,y e F with y — x > n, A \= [x -\- n,x + n -\- \, . . .} r\T and all z & C\M. the bound 

Ew{|Gr(z; x,y)f''} < Cu,p ■ |Ga(z; x + n,y)f". 

In particular, 

(16) E{\Gr(z;x,y)f''} < C,,p ■E{\Ga(z;x + n,y)f'"}. 
Proof. Our starting point is Eq. ([141 ). Taking the matrix element {x,y) yields 

Gr{z;x,y) - G^{z:,x,y) + {S,,Gr{z)T^G^{z)5y). 

Since x ^ A and y e A, the first summand on the right vanishes as the depleted Green's function 
Gp (z; X, y) decouples x and y. For the second summand we calculate 

(17) Gr{z;x,y) - Gy{z',x,x + n - 1)Ga(z;x -1- n,y). 
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The second factor is independent of oj^. Thus, taking expectation with respect to co^ bounds the 
first factor using Ineq. ^ and the proof is complete. ■ 

Lemma 4.2. Let « e N, = {0, 1), F = {x, x + 1, ...}, y e Y with n < y - x < 2n, and 
s € (0, 1). Then we have for all z & C\M. the bound 

(18) E(,„„+i,,,||Gr(z; x,ytl"] < C^pCu^p. 
Proof. The starting point is Eq. (fTSl ). Choosing K - {x, . . . ,y - n] gives 

Gr(z; X, y) ^ Gp,{z;x,y - n)Gr{z; y-n + l,y). 

Since Ga(z; x, j - depends only on the potential values at lattice sites in A it is independent of 
Wy-„+i . We take expectation with respect to coy-n+i to bound the second factor of the above identity 
using Ineq. ([8]l. Since 1 < |A| < n by assumption, we may apply Ineq. (O to Ga(z; x,y -n) which 
ends the proof. ■ 

The proof of the following theorem will serve as a basis to complete the proof of 

(i) Theorem l2.1l at the end of this section, 

(ii) Theorem l2.2l in Appendix lAl 

The difference between the proof of Theorem l2.1l and Theorem l4.3l is. that the latter is better suited 
for a generalization to single-site potentials with disconnected support. 

Theorem 4.3. Let = {0, . . . , « - 1), F c Z connected and s € (0, 1). Assume 

(19) IIpIU < .J H [uik) 



2s- 



l/n 



k=0 



Then m = - In C„ n is strictly positive and 



E||Gr(z;x,3;)r/")<C+ exp 



-m 



■y\ 



for all x,y eT with \x-y\ > 2n and all z € C\R. Here, [-J is defined by [zj := max{k € Z \ k < z\- 

Proof. The constant m is larger than zero since Cu^p < 1 by assumption. By symmetry we assume 
without loss of generahty y - x>2n.\n order to estimate E||Gr(z; x,y)|'*^"), we iterate Eq. ( fT6l ) of 
Lemma R~T] and finally use Eq. ( fTHt of Lemma |4.2| for the last step. Figure [T] shows this procedure 
schematically. We choose p := \{y - x)ln\ - \ such that y - 2n < x + pn < y - n. We iterate 



Lemmal4. II 



Lemma 14.21 



X + 2n 



x + {p-\)n y — 2n x + pn y- 



Figure 1. Illustration to the proof of Theorem 14. 3 1 

Eq. (fT6l ) exactly p times and obtain 

E{|Gr(z; x,y)f'"} < C^p ■ Ej|GA,,(z; x + pn^yt'""] 

where Ap = {x + pn, x + + 1, . . . ). Now the first p jumps of Fig. [T]are done and it remains to 
estimate E||GAp(z; x + pn,y)\'^'^\. Since n <y - (x-\- pn) < 2n and A^ = {x + pn, x + pn + 1, . . . } 
we may apply Lemma |4!2] and get 

E||Gr(z; x,3;)r>| < C^^'clp - C^p c^p^'^'-c„,_ , 
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Proof of Theorem IZil Without loss of generality we assume > n. We iterate Eq. (fT6l ) exactly 
q:=\(y- x)ln\ € N times, starting with T = Z, and obtain E{|G^(z; x,y)\'l''] < C^p ■ E||Ga,/z; x + 
qn,y)\'^^"}, where Aq - {x + pn, x + pn + I, . . .}. Since < y - {x + qn) < n - 1 by construction, 
we may apply part (iii) of Lemma [331 and obtain 

(20) E||G^(z; x,ytl"} < ClpCu,p,^ = Cu,p,^ exp|-m 

where m = - In C„_p. In particular, m > if Ineq. dT^l ) holds. ■ 



Appendix A. Single-site potentials with arbitrary finite support 



In this appendix we prove Theorem 12.21 We consider the case in which the support of the 
single-site potential is an arbitrary finite subset of Z. By translation, we assume without loss of 
generality that min = and max = « - 1 for some « e N. Furthermore, we define 



(21) 



r := max I - a \[a,b] a [0, . . . ,n - 1), [a,b] n = 0). 



Thus r is the width of the largest gap in 0. In order to handle arbitrary finite supports of the single- 
site potential, we need one of the following additional assumptions on the density p € L°°(^): 

{11) Jii-.pe W^'\W) J[2 : supp p c {-R,R\ for some R>Q. 

To illustrate the difficulties arising for non-connected supports we consider an example. Suppose 
= {0, 2, 3, . 1) so that r = 1. If we set A = {0, . . . , n - 1) there is no decomposition 
//a - Bp = A + (jJqV with an invertible V. If we set A = {0, . . . , « - 1 -i- r) - {0, . . . , «) we 
observe that every diagonal element of //a depends at least on one of the variables and a>i = 
a>r, while the elements of (which appear after applying Lemma [T21) are independent of oj^^, 
k e {0, . . . , r} = {0, 1). Thus we have a decomposition //a - Bp = A + ojqVo + oJiVi, where A is 
independent of ojk, k € {0, 1}, and for all / € A either Vo{i) or Vi(i) is not zero. As a consequence 
there is an a e R such that Vq + aVi is invertible on £^{A). Motivated by this observation, we 
prove the following lemma. 



Lemma A.l. Let N,d e M and A,Vq,'Vi, . . . ,Vn £ 



•>dxd 



be matrices. Let (at) 



k=0 



with 



ao + 0. Assume that YII=q (^kVk is invertible. Let further < p € L^(R.) n L°°(]R) with ||p||/,i - 1, 
t e (0, 1), and J{\,!R2 be as in (I22|) . Then, if the condition J\\ is satisfied, we have the bound 

|det(A + 2] nVi)\ ]~[p(rOdr; < IdetQ^ atVkf {J)ak\)' y— llp'lll, ■ 

.-n .-n l._r, ^ t 



i=0 i=0 

If the condition ^2 is satisfied, we have the bound 

N 



k=0 



k=0 



I < |det(2] akVk)\ 
Proof. Substituting 



-t/d 



k=0 



\ao\'{l 



+ max , 

ie{\,...,N] laoK 



1 -f 



(IRY 



:,{N+\)t 







Xq 


f 


r\ 




XX 






= T 












V 



ax 












a/v 







\ 


Xq 




aQXQ 




XX 




axXQ + aoxx 








a2Xo + aoX2 


/ 
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we get 

N 



1=1 [ |det(A + xo V aiV,)\ ' g{xo, XN)dxo 



where A = A + Y^'iLi ^i^i ^^id giM), ■ ■ ■, xn) = p(aoxo) Y\%\ pio^iXo + cnQXi). Since xq m 
gixo, . . ., xn) is an element of L^(R) n L°°(]R) we may apply Lemma [TT] and obtain for all /I > 



I - ^ \—tld C C '2.A. 

I < det(y aiVi)\ I {a~' \ g(xo, . . . , XN)dxo + - — - sup g(xo, XN))\aof*'^dx 

I ^ ^ \—tld 2/l^~' C 
= det( V aiVi)\ {a~' + - — - ( sup g{xo, XN)\aof*^dxi . . . dx^) 



where dx = dxi . . . dx^^. In the case of !R\ we use sup_^|jg]^g < ^ ^|5g/5xo|dxo, substitute back into 
the original coordinates and finally choose X = f/dlp'H^i Tj^=Q\^k\)- To end the proof if the condi- 
tion JI2 is satisfied, we use supp p c [-/?, R] and see that if \xj\ > R ||r"^||oo for some j = 0, . . . ,N, 
then g{xo, . . ., xn) = 0. Thus it is sufficient to integrate over the cube [-R\\T-^\UR\\T-^\\oof . We 
estimate sup,„,Rg(xo, . . . , x„) < ||p||^+i and choose A = t/{2\\p\da^+'\{2R\\T-'\\f). The row- 
sum norm of T"' equals ||r~'||oo = maXie[i_N} (M'^ + \ai/al\) = (1 + max,gji,...,Ar)|a,/aol)/|a()|. 

■ 

With the help of Lemma lA.ll we prove the following analogues of Lemma 13.31 and Theorem 



Lemma A.2. Let « e N, c Z with min = 0, max = ?i - 1, and T G Z be connected. Let 
further r be as in Eq. (|2T]) . ^1,^2 in (l22l) . and s e (0, 1). Then there exists a constant D such 
that for all X, X + n - \ + r e r and z € C \ R 

(23) Ej,,,...„,+,){|Gr(z; x, x + « - 1 + r)]'''"^'^} < D . 

The constant D is characterized in Eq. (1251) and estimated in Ineq. (I27I ). If\<\r\<n + r with 
7o = irdn T and y\ = max F there exists a constant Z)"*" such that for a// z € C \ R. 

(24) %„,...,^„+„||Gr(z;ro,ri)r^^"^''^l < D\ 

The constant is characterized in Eq. (1281 ) and estimated in Ineq. (1291) . 

Proof. The proof is similar to the proof of Lemma [331 Apply Lemma [X2l with A = {x, x+l,...,x+ 



n-l + r] and Cramer's rule to get |Gr(z;x, x+n-l + r)\ = 1/ |det[D]| where D = H^-B^-z. Note 



that Sp is independent of cot, k € {x, . . ., x+r}. We have the decomposition [D] = A + Y,l=o (^x+kVk 
where the elements of the diagonal matrices Vt e ^("+'')x(n+r) ^ k = 0, . . . ,r, are given by Vkii) = 
u{i-k), i = 0, . . . ,n- l+r, and A = D-^^I^q (^k^k is independent of coj^, k € {x, . . ., x+r}. We apply 
Lemma IATT] and obtain for all a = (Q'jt)^^o € M := [a € R*"^^ : ao 0, H^^Qa/tV^: is invertible} 
the bound E|.:,,...,.:,+^,||Gr(z; x, x -1- n - 1 -1- r)|'*/("+'"') < D„ where 

-t r n-l+r r ., , 

S /\— 1 \i' 1 — r -s/(n+r) 

Da - llp'li;:, T^(2 n E ~ ''^ 

^ k=0 1=0 k=0 

if ^1 is satisfied and 

Da = \\p\t^^\2R)-^^\ao\i 1 + max M)" "fflf a.uH - k) 
\-s \ fed^Dlaol/ 1^ 
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Figure 2. Sketch of the existence of a vector a' e W = [0, 1]'^''" with the desired 
properties: Let Hf denote the ^-neighborhood of the hyperplane Hj := {a e W \ 
0!ku{i - ^) = 0) for / e {0, . . . , « - 1 + r). Since the volume of W \ U,//f is 
positive if e is smaller than {n+r)~\r+\y^^ - do,-we conclude (using continuity) 
that there is a vector a' whose distance to each hyperplane Hj, i € {0, . . . ,n-l + r}, 
is at least do/ 2. 



if Ji2 is satisfied. The set M is non-empty and equal to the set [a e R''^^ : ao 0,Da: is finite}. 
Thus Ineq. (|23] ) holds with the constant 

(25) D := inf D„. 

aeM 

In the following we establish an upper bound for D. Using a volume comparison criterion we 
can find a vector a' = (o'p^^o £ [0, 1]'^''"^ which has to each hyperplane Yj'k=o '^ku{i - k) - 0, 
i - 0, . . . ,n - \ + r, at least the Euclidean distance {2{n + r){r + \yl^)~^ , as outlined in Fig. |2l This 
implies a,', > {2{n + r){r + 1)'"''^)"^ since the hyperplane for / = is oro = 0. With this choice of a 
and the notation m,- = {u{i - ^))^^o' ' ^ {0, . . . , « - 1 -i- r}, we have 



(i-l+r r 



n~l+r 



(26) ]~[ <«(/-/:)"""' = n |ll"'H<«''"'/ll"'H>2 



i=0 k=Q 



i=0 



YVI 



[2{n + r){r+ ly'^]' 



where (•,-)2 denotes the standard Euclidian scalar product. Now, in both cases and ^2 we 
choose a = a' and obtain 

, , (r + iy[2{n + r){r + lyl'^V 
(27a) D < llp'll ^ '-^ ^ '—^ 



if J{\ is satisfied and 



(27b) 



D < \\p\\t'^\2R) 



1 - s 



[2{n + r){r + ly^'^Y 



{\+2{n + r){r + ly'^) 



r!lYS_ 



if Jij is satisfied. 

The proof of the second statement is similar but without use of Lemma ll!2l By Cramer's rule 
we get |Gr(z;7o?yi)l - l/|det[//r - Set d = ji - yo- We have the decomposition {Hy - z] = 
^ + Tjk=Q ^yo+kVk, where the elements of the diagonal matrices Vk £ rW+i)xW+1)^ ^ _ 0, . . . , r, 
are given by Vk{i) - uii - k), / e {0, . . . , d}, and A := [Hy - z] - ^,1=0 '^kVk is independent of cjk, 
k e{x,. . ., x+r). We apply Lemma lATTl with t = and obtain (using s > t) for all a - (i3'/t)^^Q £ 



LOCALIZATION FOR MODELS ON Z WITH SINGLE-SITE POTENTIALS OF FINITE SUPPORT 



13 



M:=[ae W^' -.ao + O, i:^,^^ a^t/^ is invertible} that Ej^„,...,y„+,-,||Gr(z;ro,ri)|-'^^"^'"^l < D^„{d) 
where 



d r 



^ k=0 1=0 k=0 



-s/(n+r) 



if Ji\ is satisfied and 



if ^2 is satisfied. Since M D M for each d e Q, . . .n - \ + r the set M is non-empty. Thus Ineq. 
(l24l) holds with the constant 



(28) 



■- max inf D^id). 

de[0,...,n-\+r] aeM 



We again choose a = a' as in Fig. [2j use a[ € [0, 1] and a'^ > {2{n + r){r + ly^'^) ^ estimate 
D^,{d) similar to Ineq. (l26l) . and obtain 



(29a) 



< max 

de{0,...,n-l+r) 



lip' 



(r+l)n2(J+l)(r+l)'-/^]'' 



'L' i_ 



nf=oi:Lo"(^'-^)^ 



s/(2(«+r)) 



if is satisfied and 



(29b) < max 

de[Q,...,n-i+r] 



if J?l2 is satisfied. 



,.(r+l)(rf+l) 



IIpIL "^^ (2/?)^- 



,Krf±i) [1 + 2(t/ + i)(r + lyi^Y'yiid + i)(r + lyi^Y 



2-'s\l - s) 



2(11+/-) 



Theorem A.3. Let « e N, c Z, min = 0, max = w-l, FcZ connected, s e {0,1), r as in 
Eq. (1211) , D the constant from Lemma \A2\ and let p satisfy one of the assumptions J{\ or J{2from 
(1221) . Assume D <\. Then m = — \nD is strictly positive and we have the bound 



E||Gr(z;x,3;)|-^-^^"+''^) < D+ e-'"L— J 

for all x,y eZ, with |x - 3^1 > 2{n + r) and all z ^ C\W, where [-J is defined by [zj := max{k e : 
k<z.}. 



Proof. The proof is similar to the proof of Theorem 14.31 We again assume y > x. Let Fi c Z be 
connected. Using Eq. (fT4l) with A := {a; + « + r, . . . ) n Fi and Lemma IA!21 we have for all pairs 
x,y eVi with y - x > n + r 



(30) 



i(|Gr, (z; X, y)f^"^'^ | < D E||Ga(z; x + n + r, j)^'/^"^'-) 



which is the analogue to Lemma l4~n Now, let F2 = {x, x + 1, . . . ) and y € F2 with n + r<y-x< 
2{n + r). By Eq. (03] ) with K = {x, . . . ,y - {n + r)} and Lemma lAT2l we have 



(31) 



E{|Gr,(z;x,j)r'/<«+'-)|<DD+ 



which is the analogue of Lemma 14.21 Iterating Eq. (l30l ) exactly p = LCy ~ ■^) l(n + ^)\ - ^ times, 
starting with Fi = F, and finally using Eq. (OTI ) once gives the statement of the theorem. ■ 
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Appendix B. Apriori bound 

Here we prove a global uniform bound on {x,y) i-^ E{|Gr(z; ■^,3')l'*) for > sufficiently small. 
We assume throughout that assumption JI2 holds, i. e. there is an /? € (0, 00) such that supp p c 
[-/?,/?]. We use the notation Uj(x) = u(x - j), for all j, x eZ, for the translated function as well as 
for the corresponding multiplication operator. 

Theorem B.l. Let T (Z Zbe connected, 5 € (0, 1), c Z with min = and max @ - n - I for 

some n eN, and supp p be compact. Then there is a positive constant C such that for all € F 
and all z ^ C\M.we have 

E||Gr(z;x,3^)|-'/(4„),<c. 

For the proof we will need 

Lemma B.2. Let « e N, /? e R, A e C"^" an arbitrary matrix, V € C"^" an invertible matrix and 
s e (0, 1). Then we have the bounds 

(32) \\V-'\\ < i^-^ 

|det V\ 

and 

(33) f\A . rvr' ir'-d. < ^'^'-(11-^11. «l|V|l)''-»" 

JV " s\l - s)\detV\''" 

Proof. To prove Ineq. (I32l ) let < < ^2 < . . . < be the singular values of V. Then we have 
n;ii Si < si^;;-', that is, 

1 sT' 



(34) - ^ n« ■ 

For the norm we have ||y~'|| = l/si and ||y|| = Sn. For the determinant of V there holds IdetVI = 
n"=i Hence, Ineq. 02] ) follows from Ineq. (|34l ). To prove Ineq. ( |33] ) recall that, since V is 
invertible, the set |r € R: A + rV is singular) is a discrete set. Thus, for almost all r e [-/?, 7?] we 
may apply Ineq. (|32l ) to the matrix A + rV and obtain 

II i||.v/«<0^4|^W^ 
" " |det(A + ry)|-^-/" 

Inequality now follows from Lemma [XT] ■ 

Proof of Theorem lB. 1\ To avoid notation we assume T = Z. Since suppp c [-/?,/?], Hai is a 
bounded operator. Set m = \\Hy\\ + 1. If \z\ > m, we use ||Gtj(z)|| = sup^g^^^^^l/l - z\~^ < 1 and 
obtain the statement of the theorem. Thus it is sufficient to consider |z| < m. If U - y| > 4n 
Theorem 5.2 applies, since r < n. We thus only consider the case |x - y| < 4n - 1. By translation 
we assume x = and by symmetry y >0. Set A+ = {-1, . . . , 4n} and A = {0, . . . , 4« - 1). Lemma 
13.21 gives 

Pa,GM)PI, - {Ha, - B^- - z)-' 

where {dx, Bp*6y) = I,ker\A+,\k-x\=ii^k, (^r\A+ - z)~^Sk) if x = 3; and x € dA+ = {-l,4n}, and zero 
else. Similarly, by another application of the Schur complement formula 

PAiHj,^ - 4^ - Zr'Pl = {Hj,-Z- PaAPI^^ (^aA,(^A. - 4^)(^^aJ* - PdAAPiy^ 

and consequently 

(35) PaGM)P*a = {Ha-z- Pa^PIa, (K - zV' PoaAPIY' 
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where 



Note that B^* is independent of ojk, k e {-1, . . . , 3« + 1}, and K is independent of Uk, k e 
{0, . . . , 3n}. Thus, in matrix representation with respect to the canonical basis, the operator K : 
{^{dA+) — > i^{dA+) may be decomposed as 

/w_ii.(0) \_//i 

where /i := ^^^.g^^^i, W;tM(-l-/:)-<(5_iB^^(5^i> and/2 := Zi:ez\{3«+i) W/t"(4«-^)-<54nfiz'^(^4n> are 
independent of a»_i and a;3„+i. Standard spectral averaging or Lemma [37T] gives for all t € (0, 1) 

(36) E(_i,3„+i,{||(i^ - zT'W] < {\u(0)r + \u{n - l)!"') ||p||L 

Now, the operator can be decomposed as Ha - A + Y^IIq <^kUk where A :- Ha - Z^"o ^kUk 
is independent of a>k, k e {0, . . . , 3n]. Let a := (Q'yt)^"o ^ t^' 1]^"^^ with ao i= 0. Similarly to the 
proof of Lemma IAT2I we use the substitution loq = ao^o and coj = a,-^o + cto^i for / € {1, ... , 3n} 
and obtain from Eq. (l35l) 

£:=E(o,...,3«|{||/'AG^(z)n||'^^^"^ 

1 s j (An) 

\(a + 2] - z - PaAP*sa, (K - z)-i P^,^ AP;)" |[ "dojo... dco^n 

3n 

i3;i+l 



r 11/ \-l||-«/(4n) 

IKA' + ^oYakUk) |aoP"^'-d^o...d& 



where A' = A + ao^Zi ^Uk - z - ^aAP;^^ {K - zT^ PbkAPI S ^ R{1 + max,eu,...,3«l 
|q^//<^oI)/I<^oI- Since |J^"q supp m,- - A, there exists an o- e [0, 1]^"+^ such that 2i^"o aki^k is invert- 
ible on £^{A), compare the proof of Lemma lAT2l and Figure |2l Thus we may apply Lemma lR!2l 
and obtain 

(37) E<\\p\\T' ^ ^ ^7(5- d^i...d^3„ 



Using e [-5,5] for it e {l,...,3?i}, cok € [-R,R] fork € Z\ {0,...,3«| and at € [0,1] for 
k e {0,.. ., 3n}, the norm of A' can be estimated as 



3n 3« 
" k=0 k=l 



Ha- J] cokUk + «o 2 ^kUk -z- PkAP*qa^ {K - z) ' PoaAP/ 



(38) < 2 + (« - 1)/? IImIU + 3Sn\\u\\oo+m + 4\\(K - zT^ \\ . 

All terms in the sum (l38l) are independent of (k, k e {0, . . . , 3n}. Using (li|<3;|)' < for f < 1 
we see from Ineq. (l37l) and (l38l) that there are constants Ci and C2 such that £" < Ci + C2||(A' - 
^■j-i||i(4n-i)/(4n) average over co-i and W3„+i, Ineq. (l36l ) gives the desired result. ■ 
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Appendix C. Localization 

In this appendix we discuss exponential localization for the discrete alloy-type model. In par- 
ticular 

• We prove Theorem 12.31 on exponential localization in the one dimension discrete alloy- 
type model for large disorder, see the end of the section. 

• We establish a criterion for exponential localization using fractional moment bounds only. 
It applies to alloy-type models on Z'^ with <i € N arbitrary, see Theorem IC. 5 1 

• We discuss why previous papers on fractional moment bounds do not imply immediately 
spectral localization for our model. 

The existing proofs of localization via the fractional moment method use either the Simon Wolff 
criterion, see e. g. US W861 IAM931 1 ASFHO 1 1 . or the RAGE-Theorem, see e. g. IIAiz941lGra94l . or 
eigenfunction correlators, see e. g. fAEN^06 |. Neither dynamical nor spectral localization can be 
directly inferred from the behavior of the Green's function using the existent methods. The reason 
is that the random variables Vojix), x e Z, are not independent, while the dependence of on the 
i. i. d. random variables tOk, € Z, is not monotone. 

However, for the discrete alloy-type model it is possible to show localization using the multi- 
scale analysis. The two ingredients of the multiscale analysis are the initial length scale estimate 
and the Wegner estimate, compare assumptions (PI) and (P2) of [vbK89i. The initial length scale 
estimate is implied by the exponential decay of an averaged fractional power of Green's function, 
i. e. Theorem 14.31 and lA.31 using Chebyshev's inequality. A Wegner estimate for the models con- 
sidered here was established in jVesl . Thus a variant of the multiscale analysis of llvDK89l yields 
pure point spectrum with exponential decaying eigenfunctions for almost all configurations of the 
randomness. We say a variant, since in our case the potential values are independent only for 
lattice sites having a minimal distance. It has been implemented in detail in the paper HGKOll for 
random Schrodinger operators in the continuum, and holds similarly for discrete models. 

In this appendix we conclude localization from bounds on averaged fractional powers of Green's 
function without using the multiscale analysis. Roughly speaking, we skip over the induction step 
of the multiscale analysis and directly compute the "typical output" of the multiscale analysis, i. e. 
the hypothesis of Theorem 2.3 in [vDK89 |. Then we conclude localization using existent methods. 
This conclusion can be done for more general models than the one-dimensional model considered 
in this paper. Therefore, let us introduce a multi-dimensional generalization of our model. 

Let : ^^(Z^) ^ e^{Z^) be given by = -A -i- V,^ where A denotes the <i-dimensional dis- 
crete Laplacian and V^^ is a random potential given by the multiplication with V^jix) = J^keZ'' ODku{x- 
k). Here {a)k]kez'' ^ sequence of i. i. d. random variables each distributed with the measure ji 
which is assumed to have a density p e L°°(R). The single-site potential M : Z^ ^ R is assumed 
to have compact support := supp u. With P := ^^-^jd we denote the product measure on 
Q. :- Xj^f^^dR and by E we denote the expectation with respect to the probability measure, i.e. 
E{-} = Wkexi p{oJk)<ioJk. Let F c Z^. By Hy : {^(T) {\r) we denote the natural restric- 
tion of //^ to the set T. We also denote Pp := ®^gr j" and EpM - J^j,(-) Ylker Pi^k)'ioJk where 

^^r - Xker'R- Finally we introduce Gyiz) = (Hr-z)'^ and Gr(z; x,y) - {Sx, Gr{z)Sy} for z ^ o-(Hy) 
and x,y €T. Notice that the model introduced in Section |2]corresponds to the special case d = I. 

For X e Z^ we use the notation \x\ := 2if^Jx,|. For L e N and x e Z we denote by A^^ = 
[x- L,...,x + lY nZ'^ the cube of side length 2L -i- 1. Let further m > 0, L € N and £" € R. A 
cube Ax^L is called (m, E)-regular (for a fixed potential), if £" ^ o-{H\^^) and 



sup |Ga^^(£';x,w)| < e ' 
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Otherwise we say that Av,z, is (m, E)-singular. The next Proposition now states for the J-dimensional 
model that certain bounds on averaged fractional moments of Green's function imply the hypoth- 
esis of Theorem 2.3 in HvDKSQII (without applying the induction step of the multiscale analysis). 

Proposition C.l. Let c [0,?i - Vf n for some n e N, I c M. be a bounded interval and 
s € (0, 1). Assume the following two statements: 

(i) There are constants Cji e (0, oo), Lq e Mo and N e M such that E{|Gaj^(£'; x,}!)]"^^} < 
Ce-M\^-y\ for all k e Z'', L e N, x,y e Ak^t with |x - 3^1 > Lq, and all Eel. 

(ii) There are constants C € (0, oo) and N' eN such that E||Ga^^(£' + ie; x, x)\^^^ } < C for 
all k eZ'', L eN, X e A^x, Eel and e > . 

Then we have for all L > max{8 ln(2)///, Lq) and all x,y eZ with \x — y\ > 2L + n that 

WE el either A^^ or Ay^ is (ju/S, E)-regular} > 1 - 8|A;,,l|(C|/| + Cw\A^,l\)^~^''^^^^^'\ 
where Cw = 4C' /n. 

Proof Fix L € N with L > max{8 ln(2)/ju, Lq) and x,y eZ such that \x-y\ > 2L + n. For od e Q. 
and k e [x, y) we define the sets 

Ai:={Eel: sup |Ga,,(£; k, w)\ > e"/^^/^}, 

wedAk.L 

At --{Eel: sup |Ga,,(£; k, w)\ > e-^^^/^), 
(39) and 5^ := {w € Q : X{AM > e~^^^/^). 



For Li) e BifWe have 

J] f\GA,AE;k,w)f''dE> f sup \GA,,,(E;k,wr"'dE>e-'>''^'^e 

By assumption (i) this implies 

nh) < I Awl l/ICe-'^^/^ 

For k e {x,y} we denote by o-{H\i^^) = the spectrum of //aj;.- We claim that for 
k e {x,y}, 

|At,il 

(40) ajea\Bt ^ ^ [j i^U ' ^' + ^] =■ ^'^,k(S), where 6 = 2e-^^/l 

Indeed, suppose that £ € A^ and dist (£, o"(//a<,l)) > <5- Then there exists w e dA^x such 
that \G/^,^{E;k,w)\ > Q-f^'^. For any E' with \E - E'\ < le'^f"^'^ we have 6 - \E - E'\ > 
q-ijL/s > 2q-^m^/^ since L > 81n(2)//i. Moreover, the first resolvent identity and the estimate 
\\(H - E)-^\\ < dist(£, o-iH))'^ for selfadjoint HandEeC\ cr{H) implies 

|Ga,,,(£;^, w) - GK,,{E'-k,w)\ <\E- E'\ ■ \\Gk,{E)\\ ■ \\Gk,{E')\\ < \^~''^'\ 

and hence 

\Gt,,,{E'-k,w)\ > >e-'^^/4 

for L > 81n(2)///. We infer that [E - 2e~^^'^^^,E + le'^^'^^^] n / c A^ and conclude £{A^J > 
2e-5/iL/8 jj^jg however impossible if a> e Q. \ Btby ( [39l ). hence the claim (l40l) follows. 
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In the following step we use assumption (ii) to deduce a Wegner-type estimate. We denote by 
P[q fo](//A, z.) the spectral projection corresponding to the interval [a,b] c R and the operator H\^^. 
Since we have for any a,b eR with a < b, any A eR and < e < b - a 

/A-a\ n 
arctan \—^^ - arctan I — — I > - XiaMi'^)^ 

one obtains an inequality version of Stones formula: 

{5x, P[a,b](HA,,)Sx) < - f Im [Ga,,{E + is; x, x)] dE Vee{0,b-a]. 

^ J[a,b] ' ■ ' 

Using triangle inequality, |Imz| < \z\ for z € C, Fubini's theorem, |Ga^^(£' + ie; x, x)|^"^'''^ < 
dist(o"(//A,^), £ + isY^^ ~^ < e^/^"^ and assumption (ii) we obtain for [a,b] c / and all e e 
iO,b-a] ' 



i|Tr P[„,fo](//A,. J) < e{ J] - r Im {Ga,,(£ + is; x, x)] dE] 

< 4^-i^s//v'-i 2 r E{\GA_^,{E + is;x,xf']dE 



;c£A,.i-'['''^] 

<47r-'e''/^'~^|A,-,Lll^-a|C'. 
We minimize the right hand side by choosing e = b - a and obtain the Wegner estimate 

(41) E|TrP[„,,](//A,Jl < ^n-'C'\b - af'''\K^L\ =: Cw\b - a\'"'' \A,^l\. 

Now we want to estimate the probability of the event Bres {<i» e H : / n Ico^xi^) n Iuj,y{5) 0} 
that there are "resonant" energies for the two box Hamiltonians //ajl and //avl- For this purpose 
we denote by A^^ the set of all lattice sites k € Z'^' whose coupling constant oj^ influences the 
potential in h^^t, i- e- J^Xl ~ ^xeh^tik € Z'^ : u{x - k) 0)). Notice that the expectation in Ineq. 
(|4TI ) may therefore be replaced by Ea^^- Moreover, since \x-y\>lL + n and c [0, n - \Y n Z'^, 
the operator //a,.l and hence the interval Iaj,yiS) is independent of ojk, k e A^^. We use the product 
structure of the measure P, Chebyshev's inequality, and estimate (|4TI ) to obtain 

|Av.lI 

PAt, (fires) = ^KJ"^ ^ ^ • Tr(P/n[£L,-2-5,£L,,.+2-5](^A.vx)) ^ 1| 

i=l 

(42) < £ EA.jTr(P,n[^, ^_2,,£, ,,^2,](//a,J)) < |Ay,LlCw(45)-^/^'|A.,Ll- 

Consider now an a» ^ U By. Recall that ^ tell us that c Ico,x{S) and A-^ c /^,y(5). If 
additionally a> ^ Bj-es then no £" € / can be in A^ and A^ simultaneously. Hence for each Eel 
either A^^l or Ay^i is (///8, £')-regular. A contraposition gives us 

P|3 Eel, Ax,L and A^.^ is (ju/S, £)-singular) < P(BJ + P(Bj.) + P(Bres) 

< 2|A,,i| |/|Ce-^'^/*^ + |A,,dCw(45)^/^'|A,,d, 

which proves the statement of the proposition. ■ 

In the proof of Proposition IC.ll assumption (ii) is only used to get a Wegner estimate, see 
Ineq. (|4TI ). Hence, if we know that a Wegner estimate holds for some other reason, we can drop 
assumption (ii) and skip a part of the proof of Proposition IC.ll This is formulated in 
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Proposition C.2. Let c [0,?i - Vf n 1!^ for some n e N, I c M. be a bounded interval and 
s € (0, 1). Assume the following two statements: 

(i) There are constants C,^i e (0, oo), Lq e No and N eM such that E||Gaj.^(£'; x,j)|''^^) < 
(-g-/i|.v-3.| iceZ'', LeN, x,y e with \x-y\> Lq, and all Eel. 

(ii) There are constants Cw e (0, oo), (3 € (0, 1], and D e N such that P|cr(//Ao^) n \a,b'\ + 
0} < Cw\b - af iP for all LeN and all [a, b] c /. 

Then we have for all L > max{8 ln(2)/yu, Lq] and all x,y eZ with |x - 3^1 >2L + n that 

¥{VEeI either A,,,t or Ay^t is Qi/S,E)-regular} > 1 - 8(2L + lf\{C \I\ + CwZ.^)e"''^^^l 
Proof. We proceed as in the proof of Proposition lC.il but replace Ineq. (I42l ) by 
|a,.lI 

(=1 

to obtain the desired bound. ■ 

Remark C.3. Note that the conclusions of Proposition IC. ll and lC.2l tell us that the probabilities of 
{W E e I either Ax^l or A,, ^ is (ju/8, £')-regular) tend to one exponentially fast as L tends to infinity. 
In particular, for any p > there is some L € N such that for all L> L: 

¥{VE el either A.v,l or A,, l is (m, £)-regular) > 1 - L~^p. 

To conclude exponential locaUzation from the estimates provided in Proposition IC.ll or lC.2l we 
will use Theorem 2.3 in fvDK891. More precisely we need a slight extension of the result which 
can be proven with the same arguments as the original result. 

Theorem C.4 ( llvDK89ll ). Let I c Rbe an interval and let p > d, Lq > 0, a e {l,2p/d), m > 0, 
« e N. Assume that & c [0,n - \Y n Z''. Set Lk - L"_^, for k eN. Suppose that for any /c € No 

P{V Eel either A^^l or Ay^i is {m, E)-regular] > 1 - L^^'^ 

for any x,y eZf^ with \x — y\ > Lk + n. 

Then for almost all oj eQ. there is no continuous spectrum ofH^ in I and the eigenfunctions of 
all eigenvalues ofH^^ in I decay exponentially at infinity with mass m. 

Putting together Proposition IC.ll and Theorem IC.4I we obtain the statement that exponential 
decay of fractional moments of the Green's function implies exponential localization. It applies to 
discrete alloy-type models in (i-dimensional space. 

Theorem C.5. LetneN,@(Z [0, n - if D Z'', s e (0, 1), C,// € (0, oo), N e n, and I cz R be a 
bounded interval. Assume thatE{\GA^^{E;x,y)\''^'^} < Ce''^^'''^'^ for all k e Z'', L e N, x,y e Au^l 
and all E e L 

Then the operator has only pure point spectrum and the eigenfunctions corresponding to 
eigenvalues in R decay exponentially fast at infinity for almost all oj eO.. 

We now switch back to the one-dimensional model, where we will verify the hypotheses of 
Propositions IC.ll and IC.2I respectively. The next lemma shows that for finite box restiictions of 
our model the resolvent is well defined at almost all energies. 

Lemma C.6. Let d = \, min = and max = « - 1 for some « e N. Let further T denote the 
set of all finite connected subsets ofZ. Then, for each E eR the set 

[J[cjeQ\Ee o-{Hr)] 

has F-measure zero. 
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Proof. Let A = {0, 1, . . . , m) for some m e N. The potential Va depends on the random variables 
(jjk, k €{-n+ \,-n + l,...,m] = . For computing the probability P - P|det(//A - £") - 0) we 
have the estimate 



P < 



X,„./l-n|det(//.-E)=o|(^)d^ 



where a> = {u)k)kei\.+ and da> = nj(:eA+ ^^k- We introduce the linear transformation ujk = for 
k € {-n + 1, . . . , -1), a>o = aoro and a>k = a^ra + a^rk for k e {\,2, . . . ,m} with ao = 1- With this 
transformation we can rewrite the potential as 

-I m -I m m 

Va = ^ U)kyk + ^OJkyk= ^ ?"*:V/: + ^ao''*:Vi: + ro^a/tV*:, 

1 k=() k=~n+\ k=l k=0 

where Vk, k = -n + I, . . . ,m, are diagonal matrices with diagonal elements u{i - k), i = 0, . . . ,m. 
We introduce the notation 

- 1 m m 

A = -Aa+ nVk + Yj^^orkVk- E and V = J^akVk, 

k=-n+l k=l k=0 

transform the integral and obtain 

(43) ^^ll^ll^^"L/(..n,de,...v).o|Wd'-> 
where r = {ric)keA+ and dr = n/teA+ dr^;. For the determinant of V we have 

m f m \ m 

det(y) = n 2] ~ " n^"' 

,=0 U=0 1 i=0 

where we have used the notation m,- = {u{i - k))"^^^ and a = (cK<:)^'^g. From m(0) we conclude 
that Ui ^ for all / e {0, . . . , m). We choose the vector a with q-q = 1 such that {a, Uj) + for all 
/ e {0, . . . , m\. With this choice of a the matrix W is invertible. Thus, for any fixed collection of r^, 
e A+ \ {0), the mapping R 9 ro i-^ det(A + r^W) is a polynomial of order m + 1. Therefore, the 
set 

|ro e R I det(A + r^Y) = 0} 

is a finite set. From this property, Fubini's theorem and Ineq. (|43] ) we obtain P = 0. By translation 
this gives for arbitrary finite connected set A c Z and each £" e R that ¥[E e o-{H\)} = 0. Since 
the union (IC.6I) is countable, we obtain the statement of the lemma. ■ 

Remark C.7. Lemma lC6l allows us to obtain the results of Theorem 14. 3 [ I A. 3 1 and IB . II also for real 
energies z in the case where F is a finite set. For sets of measure zero, the integrand may not be 
defined. However, for the bounds on the expectation value this is irrelevant. 

Proof of Theorem IZi] Since R = UmezIM, M + 1] is a countable union of compact intervals, 
it is sufficient to show that the assumptions of Theorem IC.4I hold for each interval [M,M + 1] 
individually. 

We distinguish two cases, in accordance with the assumptions (a) and (b) of Theorem 12.21 In 
the case where supp p is compact, the assumptions of Proposition IC . 1 1 are fulfilled by Theorem l2.2l 
Theorem IB. H and Remark ICTTl Hence we obtain the statement of the theorem if supp p is compact 
and WpW^ is sufficiently small. 

In the situation where p € W^'^(R) the following Wegner estimate holds BVesll : there exists a 
constant Cj, depending only on u such that for any LeN, xeZ, EeR. and e > we have 

E{Tr(P[£_ (//A,J))<cJ|p'lb«e(L + «-l)". 
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Thus using again Theorem 12.21 and Remark IC.7I we see that the hypotheses of Proposition IC.2I 
are satisfied. We obtain the statement of the theorem if p e VK^'^K.) and llp'll^i is sufficiently 
small. ■ 



Appendix D. Reduction to the monotone case 

This appendix concerns the last statement of Remark 12.41 First we discuss a criterion which 
ensures that an appropriate one-parameter family of positive potentials can be extracted from the 
random potential V^^. 

Lemma D.l. Let u - YII^q u{k)6k : Z ^ R. Then the following statements are equivalent. 

(A) There exists an N and real Aq, . . . ,An such that w :- u * A :- AqUq + • • • + Afju^ is a 
non-negative function and w(0) > 0, w{N + « - 1) > hold. 

(B) There exists an M and real yo, . . . , jm such that v := m * y :- jquq + • • • + jm^m is a 
non-negative function and supp v = {0, . . . , M + « - 1) holds. 

(C) The polynomial C 3 z i-> Pu{z) '■- Z^Iq "W^^ '^^■^ '^'^ roots in [0, oo). 

Note, if m(0) and u{n - I) 0, then {0, . . . , M + « - 1) is the union of the supports of 
Mo, ... , um- If (A) or (B) hold we may assume that ^o|, respectively |yo|, equals one. 

Proof. If (A) holds, one may choose v{x) = Ylj^l)"^ w{x - j) to conclude (B). Thus it is sufficient 
to show (B)o(C). Using Fourier transform and the identity theorem for holomorphic functions 
one sees that (B) is equivalent to 

(D) There exists an M e N and real jq,..., jm such that all coefficients of the polynomial 
Puiz) ■ Z jio JjZ^ are stricdy positive. 

If (D) holds, Pu{x) ■ YJf=Q Jj^^ is strictly positive for x € [0, oo). Thus its divisor p^ has no root in 
[0, oo) and one concludes (C). Assuming (C), one infers from Corollary 2.7 of IIMS69I that there 
exists a polynomial p such that pu • p has strictly positive coefficients. Choosing M = deg{p) and 
7o, . . . , Tm to be the coefficients of p leads to (D). ■ 

If the random potential V^j contains a positive building block w as in (A) of the previous lemma, 
one obtains Theorems 12.21 with ||AEN"'"06L as we outline now. The crucial tool is Proposition 3.2 
of ||AEN"'"06I . Here are two direct consequences of the latter: 

Lemma D.2. Let H be bounded, selfadjoint on £^{Z), 0, i/': Z [0, oo) bounded, z € C with 
Imz > 0, and t,S € (0, oo). Then there is a universal constant Cw £ (0, oo) such that for all 
x,y eZ 

(i) y/mm-C{vi,V2 € [-S,S] : 1(5,, (// + z - Vi0 - V2<A)"'<5.y>l > t}<4Cwj 

where £. denotes Lebesgue measure. 

(ii) If <p{x)ilj{y) + Oandse (0, 1).- 



r \{5„ {H + Z-V^CP- V2(A)"^5,.>|MvidV2 < 



Cw 



To obtain statement (ii) from (i) use the layer cake representation 

r l/(vi,V2)|Mvidv2- r X{|vi|,|v2|<5 :|/(vi,V2)r >f)df 
J[-S,5]2 Jo 

and decompose the integration domain into [0, k] and [k, oo) where k = {C^/S y/^ixjtjAjjY . 
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Proposition D.3. Let Y a V, be connected, c N with min = and max Q = n - \ for 

some « € N. Assume that u satisfies condition (C) in Lemma \b.l\ and that suppp is compact. Set 
Ajf = {x, . . . , X -\- N] and Aj - {j - n + I - N, . . . , j - n + \]. Then we have for all x,j € T with 
\j - x\> 2{N + n) - I and all z^C with Imz > 

EA{|Gr(z;x,7T! <C 

where C is defined in Eq. {11) and A = A v U Ay. 

Proof. Without loss of generality we assume j - x > 2(N + n) - 1 and Aq = 1. By assumption 
T D {x,x+l, . . . , j}. Note that the operator A' := Hr-z-^keA, cok^k - TjkeAj ^j^k^k is independent 
of Uk, ^ € A. To estimate the expectation 



E := 

we use the substitutions 



(|Gr(z;j;.;)|'] 









ke\. 



keAi 



keA 



' CO, ' 








'c^J-ii+I-n' 






C^x+\ 




Cx+\ 




C>i i-n+2-N 








= T 




and 




= r 




^COx+N, 








^ COj-n+l , 




. ^7-1+1 t 



where the matrix T is the same as in Lemma IATT] with ak replaced by /I/;, A; = 0, . . . , A^. This gives 
the bound 

where d^A = n*:eA ^Ck, S = /?(1 + max,gji,...,Arj|/l,|), and 

A—A'+ ^ ^kUk + ^ ^kUk 

keA,\{x] keAj\{j-n+\~N] 

is independent of and ^j-n+i-N- By assumption the functions (p := J^keA, ^k-x^k and >// :- 
YikeAj Ak-(j-n+i-N)iik are bounded and non-negative, with (f>{x) - u{0) > and tl/{j) = ANu{n-l) > 
0. Using Lemma ID^ we obtain 



>{-S,S] 

4 { Cw 



.2-i 



i-nV^(^¥c/)J 

Thus the original integral is estimated by 

4 



£<llpll^'(25)l'^l-2 
4 



1 - s 

Cw 



C 



w 



. 2-.V 



1 - \ ^Ju{0)ANl 



=r(25||p|Lr^>^l=:C. 
{n-\)j S' 
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The last proposition and a formula analogous to ([TT] ) now give for j = x + 2{N + n) - I and 
X + 2iN + n) <y 

E^{\Gr,{z;x,y)\'] - EAj|Gro(z; x, x + 2{N + n) - l)|-^]|Gr,(z; x + 2{N + n),y)\' 
< C|Gr,(z;x + 2(A^ + ?i),3;)|' 

whereFo ^ZandFi = {x + 2{N + n), x + 2{N + n)+ I, . . .}. In an appropriate large disorder regime, 
where the constant C in (??) is smaller than one, exponential decay now follows by iteration, 
similarly as in Theorem 14.3 1 
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